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Complex Numbers 
 

Complex Algebra 

 
Complex Conjugation 

 

For: 
𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 𝑧𝑧∗ = 𝑥𝑥 − 𝑖𝑖𝑖𝑖 

 
 

Modulus-Argument Form 

For two complex numbers 𝑧𝑧1 =  𝑥𝑥1 + 𝑖𝑖𝑖𝑖1, 𝑧𝑧2 =  𝑥𝑥2 + 𝑖𝑖𝑖𝑖2 

(𝑥𝑥1 + 𝑖𝑖𝑖𝑖1) + (𝑥𝑥2 + 𝑖𝑖𝑖𝑖2) = (𝑥𝑥1 + 𝑥𝑥2) + 𝑖𝑖(𝑖𝑖1 + 𝑖𝑖2) 

(𝑥𝑥1 + 𝑖𝑖𝑖𝑖1) − (𝑥𝑥2 + 𝑖𝑖𝑖𝑖2) = (𝑥𝑥1 − 𝑥𝑥2) + 𝑖𝑖(𝑖𝑖1 − 𝑖𝑖2) 

(𝑥𝑥1 + 𝑖𝑖𝑖𝑖1)(𝑥𝑥2 + 𝑖𝑖𝑖𝑖2) = (𝑥𝑥1𝑥𝑥2 − 𝑖𝑖1𝑖𝑖2) + 𝑖𝑖(𝑥𝑥1𝑖𝑖2 + 𝑥𝑥2𝑖𝑖1) 

𝑥𝑥1 + 𝑖𝑖𝑖𝑖1
𝑥𝑥2 + 𝑖𝑖𝑖𝑖2

=
𝑥𝑥1 + 𝑖𝑖𝑖𝑖1
𝑥𝑥2 + 𝑖𝑖𝑖𝑖2

×
𝑥𝑥2 − 𝑖𝑖𝑖𝑖2
𝑥𝑥2 − 𝑖𝑖𝑖𝑖2

=
(𝑥𝑥1𝑥𝑥2 + 𝑖𝑖1𝑖𝑖2) + 𝑖𝑖(𝑥𝑥2𝑖𝑖1 − 𝑥𝑥1𝑖𝑖2)

𝑥𝑥22 + 𝑖𝑖22
 

 

Modulus of a complex 
number 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖: 

|𝑧𝑧| = 𝑟𝑟 
𝑟𝑟 = �𝑥𝑥2 + 𝑖𝑖2 

Argument of a complex 
number 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖: 

arg(𝑧𝑧) 

tan−1 �
|𝑖𝑖|
|𝑥𝑥|� , 0 ≤ 𝜃𝜃 ≤

𝜋𝜋
2

 

𝜋𝜋 − tan−1 �
|𝑖𝑖|
|𝑥𝑥|� ,

𝜋𝜋
2

< 𝜃𝜃 ≤ 𝜋𝜋 

−�𝜋𝜋 − tan−1 �
|𝑖𝑖|
|𝑥𝑥|�� ,−𝜋𝜋 ≤ 𝜃𝜃 < −

𝜋𝜋
2

 

−tan−1 �
|𝑖𝑖|
|𝑥𝑥|� ,−

𝜋𝜋
2

< 𝜃𝜃 ≤ 0 

Modulus-argument form 𝑧𝑧 = 𝑟𝑟(cos 𝜃𝜃 + 𝑖𝑖 sin𝜃𝜃) 

 

𝑧𝑧𝑧𝑧∗ = |𝑧𝑧|2 



Multiplying and Dividing in Modulus-Argument Form 
 

 
Loci 

 
 

 
 
 
 
 
  

For 
 

𝑧𝑧1 = 𝑟𝑟1(cos𝜃𝜃1 + 𝑖𝑖 sin𝜃𝜃1), 
 

𝑧𝑧2 = 𝑟𝑟2(cos𝜃𝜃2 + 𝑖𝑖 sin𝜃𝜃2) 

|𝑧𝑧1𝑧𝑧2| = |𝑧𝑧1||𝑧𝑧2| = 𝑟𝑟1𝑟𝑟2 

�
𝑧𝑧1
𝑧𝑧2
� =

|𝑧𝑧1|
|𝑧𝑧2| =

𝑟𝑟1
𝑟𝑟2

 

arg(𝑧𝑧1𝑧𝑧2) = arg(𝑧𝑧1) + arg(𝑧𝑧2) = 𝜃𝜃1 + 𝜃𝜃2 

arg �
𝑧𝑧1
𝑧𝑧2
� = arg(𝑧𝑧1) − arg(𝑧𝑧2) = 𝜃𝜃1 − 𝜃𝜃2 

 

Circle with centre 𝑧𝑧 = 𝑎𝑎 
and radius 𝑟𝑟 

Outline: |𝑧𝑧 − 𝑎𝑎| = 𝑟𝑟 

Interior: |𝑧𝑧 − 𝑎𝑎| < 𝑟𝑟 

Exterior: |𝑧𝑧 − 𝑎𝑎| > 𝑟𝑟 

Perpendicular bisector of 
points 𝑎𝑎 and 𝑏𝑏 

|𝑧𝑧 − 𝑎𝑎| = |𝑧𝑧 − 𝑏𝑏| 

Half-line starting at 𝑧𝑧 = 𝑎𝑎 
at an angle of 𝜃𝜃 from the 

positive real axis 
arg(𝑧𝑧 − 𝑎𝑎) = 𝜃𝜃 

 



Matrices 
 

Matrix Arithmetic 

 
Zero Matrix/ Null Matrix 

 

 
Identity Matrix 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑴𝑴𝟏𝟏 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� 

 

𝑴𝑴𝟐𝟐 = �𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ� 

 
 

Let 𝐴𝐴 be a scalar 

𝑴𝑴𝟏𝟏 + 𝑴𝑴𝟐𝟐 = �𝑎𝑎 + 𝑒𝑒 𝑏𝑏 + 𝑓𝑓
𝑐𝑐 + 𝑔𝑔 𝑑𝑑 + ℎ� 

𝑴𝑴𝟏𝟏 −𝑴𝑴𝟐𝟐 = �𝑎𝑎 − 𝑒𝑒 𝑏𝑏 − 𝑓𝑓
𝑐𝑐 − 𝑔𝑔 𝑑𝑑 − ℎ� 

𝑴𝑴𝟏𝟏 × 𝑴𝑴𝟐𝟐 = �𝑎𝑎𝑒𝑒 + 𝑏𝑏𝑔𝑔 𝑎𝑎𝑓𝑓 + 𝑏𝑏ℎ
𝑐𝑐𝑒𝑒 + 𝑑𝑑𝑔𝑔 𝑐𝑐𝑓𝑓 + 𝑑𝑑ℎ� 

𝐴𝐴𝑴𝑴𝟏𝟏 = �𝐴𝐴𝑎𝑎 𝐴𝐴𝑏𝑏
𝐴𝐴𝑐𝑐 𝐴𝐴𝑑𝑑� 

 

0𝑛𝑛 = �
0 0
0 0

… 0
… 0

⋮ ⋮
0 0

⋱ ⋮
… 0

� 

 

𝐼𝐼𝑛𝑛 = �
1 0
0 1

… 0
… 0

⋮ ⋮
0 0

⋱ ⋮
… 1

� 

 



Matrix Transformations 

 
 

Enlargement of scale 
factor 𝑘𝑘 about 𝑂𝑂 �𝑘𝑘 0

0 𝑘𝑘� 

Stretch of scale factor 𝑘𝑘 
parallel to the 𝑥𝑥-axis 

�𝑘𝑘 0
0 1� 

Stretch of scale factor 𝑘𝑘 
parallel to the 𝑖𝑖-axis �1 0

0 𝑘𝑘� 

Reflection in the 𝑥𝑥-axis �1 0
0 −1� 

Reflection in the 𝑖𝑖-axis �−1 0
0 1� 

Reflection in the line    
𝑖𝑖 = 𝑥𝑥 �0 1

1 0� 

Reflection in the line  
𝑖𝑖 = −𝑥𝑥 � 0 −1

−1 0 � 

Shear with 𝑥𝑥-axis fixed �1 𝑘𝑘
0 1� 

Shear with 𝑖𝑖-axis fixed �1 0
𝑘𝑘 1� 

Anticlockwise rotation 
through 𝜃𝜃 about O �cos 𝜃𝜃 − sin 𝜃𝜃

sin𝜃𝜃 cos 𝜃𝜃 � 

Reflection in the line  
𝑖𝑖 = (tan𝜃𝜃)𝑥𝑥 �cos 2𝜃𝜃 sin 2𝜃𝜃

sin 2𝜃𝜃 − cos 2𝜃𝜃� 

3D rotation through 𝜃𝜃 
about the 𝑥𝑥-axis �

1 0 0
0 cos𝜃𝜃 − sin𝜃𝜃
0 sin 𝜃𝜃 cos𝜃𝜃

� 

3D rotation through 𝜃𝜃 
about the 𝑖𝑖-axis �

cos 𝜃𝜃 0 sin𝜃𝜃
0 1 0

− sin𝜃𝜃 0 cos 𝜃𝜃
� 

3D rotation through 𝜃𝜃 
about the 𝑧𝑧-axis �

cos 𝜃𝜃 − sin𝜃𝜃 0
sin𝜃𝜃 cos 𝜃𝜃 0

0 0 1
� 

 



Invariance 

 
Determinant of a Matrix 

 

𝑨𝑨 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� det(𝑨𝑨) = Δ = 𝑎𝑎𝑑𝑑 − 𝑏𝑏𝑐𝑐 

 
Singularity 

 

𝑨𝑨 is singular det(𝑨𝑨) = Δ = 0 

𝑨𝑨 is non-singular det(𝑨𝑨) = Δ ≠ 0 

 
 

Properties of the Inverse of a Matrix 
 

𝑨𝑨𝑨𝑨−1 = 𝑨𝑨−1𝑨𝑨 = 𝑰𝑰 where 𝑨𝑨 is a non-singular matrix 

(𝐌𝐌𝐌𝐌)−1 = 𝐌𝐌−1𝐌𝐌−1 where 𝑴𝑴 and 𝑵𝑵 are square matrices of the same order 

 
 

Calculating the Inverse of a Matrix 
 

𝑨𝑨 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� 𝑨𝑨−1 =

1
𝑎𝑎𝑑𝑑 − 𝑏𝑏𝑐𝑐

� 𝑑𝑑 −𝑏𝑏
−𝑐𝑐 𝑎𝑎 � 

 
 

Invariant points 𝑀𝑀 �
𝑥𝑥
𝑖𝑖� = �

𝑥𝑥
𝑖𝑖� 

Invariant lines 

𝑀𝑀 �
𝑥𝑥
𝑖𝑖� = �𝑥𝑥′𝑖𝑖′� 

where �𝑥𝑥′𝑖𝑖′� is on the same line as �
𝑥𝑥
𝑖𝑖� 

 



 
 

Further Algebra and Functions 
 

Roots of Polynomials 

 
 
 
 
 
 

Quadratic: 
 

 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑥𝑥 + 𝑐𝑐 = 0 
 

Roots: 𝛼𝛼,𝛽𝛽 

α + β = −
𝑏𝑏
𝑎𝑎

 

𝛼𝛼𝛽𝛽 =
𝑐𝑐
𝑎𝑎

 

Cubic: 
 

 𝑎𝑎𝑥𝑥3 + 𝑏𝑏𝑥𝑥2 + 𝑐𝑐𝑥𝑥 + 𝑑𝑑 = 0 
 

Roots: 𝛼𝛼,𝛽𝛽, 𝛾𝛾 

𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 = −
𝑏𝑏
𝑎𝑎

 

𝛼𝛼β + βγ + γα =
𝑐𝑐
𝑎𝑎

 

αβγ = −
𝑑𝑑
𝑎𝑎

 

Quartic:  
 

𝑎𝑎𝑥𝑥4 + 𝑏𝑏𝑥𝑥3 + 𝑐𝑐𝑥𝑥2 + 𝑑𝑑𝑥𝑥 + 𝑒𝑒 = 0 
 

Roots: 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 

�𝛼𝛼 = α + β + γ + δ = −
𝑏𝑏
𝑎𝑎

 

�𝛼𝛼𝛽𝛽 = αβ + αβ + αγ + αδ + βγ + βδ + γδ =
𝑐𝑐
𝑎𝑎

 

�𝛼𝛼𝛽𝛽𝛾𝛾 = αβγ + αβδ + αγδ + βγδ = −
𝑑𝑑
𝑎𝑎

 

�𝛼𝛼𝛽𝛽𝛾𝛾𝛿𝛿 = αβγδ =
𝑒𝑒
𝑎𝑎

 



Summations 

 
 

Conics 
 

 
 
 
 
 
 
 
 
 
 
 

Sum of Natural Numbers �1 = 𝑛𝑛
𝑛𝑛

𝑟𝑟=1

 

Sum of Integers �𝑛𝑛 =
1
2
𝑛𝑛(𝑛𝑛 + 1)

𝑛𝑛

𝑟𝑟=1

 

Sum of Squares �𝑛𝑛2 =
1
6
𝑛𝑛(𝑛𝑛 + 1)(2𝑛𝑛 + 1)

𝑛𝑛

𝑟𝑟=1

 

Sum of Cubes �𝑛𝑛3 =
1
4
𝑛𝑛2(𝑛𝑛 + 1)2

𝑛𝑛

𝑟𝑟=1

 

 

 Ellipse Parabola Hyperbola 

Standard form 𝑥𝑥2

𝑎𝑎2
+
𝑖𝑖2

𝑏𝑏2
= 1 𝑖𝑖2 = 4𝑎𝑎𝑥𝑥 𝑥𝑥2

𝑎𝑎2
−
𝑖𝑖2

𝑏𝑏2
= 1 

Parametric form 𝑥𝑥 = 𝑎𝑎 cos 𝜃𝜃 
𝑖𝑖 = 𝑏𝑏 sin 𝜃𝜃 

𝑥𝑥 = 𝑎𝑎𝑡𝑡2 
𝑖𝑖 = 2𝑎𝑎𝑡𝑡 

𝑥𝑥 = 𝑎𝑎 sec 𝜃𝜃 
𝑖𝑖 = 𝑏𝑏 tan 𝜃𝜃 

Asymptotes None None 
𝑥𝑥
𝑎𝑎

= ±
𝑖𝑖
𝑏𝑏

 

 



Transformations of Curves 
 

Translation by vector �𝑎𝑎𝑏𝑏� 𝑓𝑓(𝑥𝑥, 𝑖𝑖) = 0 → 𝑓𝑓(𝑥𝑥 − 𝑎𝑎,𝑖𝑖 − 𝑏𝑏) = 0 

Stretch 

Parallel to 𝑥𝑥-axis: 𝑓𝑓(𝑥𝑥,𝑖𝑖) = 0 → 𝑓𝑓 �𝑥𝑥
𝑎𝑎

,𝑖𝑖� = 0 

Parallel to 𝑖𝑖-axis: 𝑓𝑓(𝑥𝑥,𝑖𝑖) = 0 → 𝑓𝑓 �𝑥𝑥, 𝑦𝑦
𝑎𝑎
� = 0 

Reflection 

In 𝑥𝑥-axis: 𝑓𝑓(𝑥𝑥,𝑖𝑖) = 0 → 𝑓𝑓(𝑥𝑥,−𝑖𝑖) = 0 

In 𝑖𝑖-axis: 𝑓𝑓(𝑥𝑥, 𝑖𝑖) = 0 → 𝑓𝑓(−𝑥𝑥,𝑖𝑖) = 0 

In 𝑖𝑖 = 𝑥𝑥: 𝑓𝑓(𝑥𝑥,𝑖𝑖) = 0 → 𝑓𝑓(𝑖𝑖, 𝑥𝑥) = 0 

In 𝑖𝑖 = −𝑥𝑥: 𝑓𝑓(𝑥𝑥,𝑖𝑖) = 0 → 𝑓𝑓(−𝑖𝑖,−𝑥𝑥) = 0 

 
 

Further Calculus 
 

Volumes of Revolution 

  
Mean Value of a Function 

 
 

 
 
 
 

Rotation about the 𝑥𝑥-axis 𝑉𝑉 = 𝜋𝜋� 𝑖𝑖2𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
 

Rotation about the 𝑖𝑖-axis 𝑉𝑉 = 𝜋𝜋� 𝑥𝑥2𝑑𝑑𝑖𝑖
𝑏𝑏

𝑎𝑎
 

 

𝑓𝑓̅ =
1

𝑏𝑏 − 𝑎𝑎� 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
 



Further Vectors 
 

Equation of a Straight Line in 3D 

Scalar Product 

 
Scalar Projection 

 
Perpendicular Vectors 

 
Vector Product 

 
Area of a Triangle with Sides 𝒂𝒂 and 𝒃𝒃 

 
 
 
 

 

Vector form of a line through 

�
𝑎𝑎1
𝑎𝑎2
𝑎𝑎3
� parallel to vector �

𝑏𝑏1
𝑏𝑏2
𝑏𝑏3
� 𝑟𝑟 = �

𝑎𝑎1
𝑎𝑎2
𝑎𝑎3
� + 𝝀𝝀 �

𝑏𝑏1
𝑏𝑏2
𝑏𝑏3
� 

Cartesian form 
𝑥𝑥 − 𝑎𝑎1
𝑏𝑏1

=
𝑖𝑖 − 𝑎𝑎2
𝑏𝑏2

=
𝑧𝑧 − 𝑎𝑎3
𝑏𝑏3

= 𝝀𝝀 

Vector product form (𝒓𝒓 − 𝒂𝒂) × 𝒃𝒃 = 0 

 

𝒂𝒂 ∙ 𝒃𝒃 = 𝑎𝑎𝑥𝑥𝑏𝑏𝑥𝑥 + 𝑎𝑎𝑦𝑦𝑏𝑏𝑦𝑦 + 𝑐𝑐𝑥𝑥𝑐𝑐𝑦𝑦 = |𝒂𝒂||𝒃𝒃| 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 

𝐚𝐚 × 𝐛𝐛 = |𝒂𝒂||𝒃𝒃| sin𝜃𝜃 𝒏𝒏� = �
𝒊𝒊 𝑎𝑎1 𝑏𝑏1
𝒋𝒋 𝑎𝑎2 𝑏𝑏2
𝒌𝒌 𝑎𝑎3 𝑏𝑏3

� = �
𝑎𝑎2𝑏𝑏3 − 𝑎𝑎3𝑏𝑏2
𝑎𝑎3𝑏𝑏1 − 𝑎𝑎1𝑏𝑏3
𝑎𝑎1𝑏𝑏2 − 𝑎𝑎2𝑏𝑏1

� 

Two vectors 𝑎𝑎 and 𝑏𝑏 are perpendicular if 𝒂𝒂 ∙ 𝒃𝒃 = 0 

A =
1
2

|𝒂𝒂 × 𝒃𝒃| 

Resolved part of 𝒂𝒂 in direction of 𝒃𝒃:  𝒂𝒂∙𝒃𝒃|𝒃𝒃|  



 
 

Polar Coordinates 
 
 

Converting between Polar, (𝒓𝒓,𝜽𝜽), and Cartesian, (𝒙𝒙,𝒚𝒚), Coordinates 

 
 
 

Polar Curves 

𝑟𝑟2 = 𝑥𝑥2 + 𝑖𝑖2 

𝜃𝜃 = tan−1 �𝑦𝑦
𝑥𝑥
�  (±𝜋𝜋 if needed) 

𝑥𝑥 = 𝑟𝑟 cos 𝜃𝜃 

𝑖𝑖 = 𝑟𝑟 sin𝜃𝜃 

 

Circle 𝑟𝑟 = 𝑎𝑎 

Spiral 𝑟𝑟 = 𝑎𝑎𝜃𝜃 

Half-line 𝑟𝑟 = 𝜃𝜃 

Trefoil 
𝑟𝑟 = 𝑎𝑎 cos𝑛𝑛𝜃𝜃 

𝑟𝑟 = 𝑎𝑎 sin𝑛𝑛𝜃𝜃 

Cardioid 𝑟𝑟 = 𝑎𝑎(𝑏𝑏 + cos𝜃𝜃), |𝑏𝑏| = 1 

Egg 𝑟𝑟 = 𝑎𝑎(𝑏𝑏 + cos 𝜃𝜃), |𝑏𝑏| ≥ 2 

Egg with dimple 𝑟𝑟 = 𝑎𝑎(𝑏𝑏 + cos 𝜃𝜃), 1 < |𝑏𝑏| < 2 

 



Hyperbolic Functions 
 

Definitions 
 

Function Exponential Form 

sinh 𝑥𝑥 
𝑒𝑒𝑥𝑥 − 𝑒𝑒−𝑥𝑥

2
 

cosh 𝑥𝑥 
𝑒𝑒𝑥𝑥 + 𝑒𝑒−𝑥𝑥

2
 

tanh 𝑥𝑥 
𝑒𝑒𝑥𝑥 − 𝑒𝑒−𝑥𝑥

𝑒𝑒𝑥𝑥 + 𝑒𝑒−𝑥𝑥
 

 
Inverse Hyperbolic Functions 

 
Function Logarithmic Form 

sinh−1 𝑥𝑥  ln �𝑥𝑥 + �1 + 𝑥𝑥2� 

cosh−1 𝑥𝑥 ln �𝑥𝑥 + �𝑥𝑥2 − 1�     (𝑥𝑥 ≥ 1) 

tanh−1 𝑥𝑥 1
2

ln �1+𝑥𝑥
1−𝑥𝑥

�     (|𝑥𝑥| < 1)  

 
 

Hyperbolic Identities 
 

tanh 𝑥𝑥 ≡
sinh 𝑥𝑥
cosh 𝑥𝑥

 

cosh2 𝑥𝑥 − sinh2 𝑥𝑥 ≡ 1 

sinh 2𝑥𝑥 = 2 sinh𝑥𝑥 cosh 𝑥𝑥 

cosh 2𝑥𝑥 = cosh2 𝑥𝑥 + sinh2 𝑥𝑥 

 


